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F

A PROOF OF THE THEOREM 1
A.1 Definition and Lemma
In our analysis, the (t) is defined as the index of the total local SGD iterations, where (i) = tτ + i. We iterpret w

(i)
k

as the local model of k-th client at iteration (t). In such a setting, the aggregation client set and the commitee client
set are expressed as S(t)

a and S
(t)
c . Note that the aggregation clients and committee clients perform τ iterations of local

SGD, the aggregation client set S(t)
a and the committee client set S(t)

c remain the same for every τ iterations. That is,
S
(t)
a = S

(t+1)
a = ... = S

(t+τ−1)
a and S

(t)
c = S

(t+1)
c = ... = S

(t+τ−1)
c , where t%τ = 0. The local gradient of k-th client is

expressed as gk(w
(t)
k ,B(t)k ), which is used for the local SGD training:

w
(t+1)
k = w

(t)
k − ηtgk(w

(t)
k ,B(t)k ), (1)

where w
(t)
k denotes the local model of the k-th client at iteration t. Actually we only update the global model w(t) after

every τ rounds, but for the need of convergence proof and analysis we assume the w(t) is updated at each iteration as
follows:

w(t+1) = w(t) − ηtg(t) = w(t) − ηt(
∑
k∈S(t)

a

p
k,S

(t)
a
gk(w

(t)
k ,B(t)k )), (2)

where ηt is the learning rate at iteration (t). At iteration (t) which satisfies t%τ = 0, the k-th client downloads the w(t) to
the local as the new local model w(t)

k , as a result, the whole updating method of the local model can be written as follows:

w
(t+1)
k =

{
w

(t)
k − ηtgk(w

(t)
k ,B(t)k ), (t+ 1)%τ 6= 0

w(t+1), (t+ 1)%τ = 0.
(3)

Then we introduce our proposed lemmas.

Lemma 1. (Global-Local Gradient Product). According to the definitions of ∇Fk(w
(t)
k ), we have that

− 〈w(t) −w∗,
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )〉

≤ 1

2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 +
ηt
2

∑
k∈S(t)

a

p
k,S

(t)
a
||∇Fk(w

(t)
k )||2 −

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w∗))

− µ

2

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2.

(4)
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Lemma 2. (Local Parameter-Optimal Gap). Let vt = 2ηt − 4Lη2t = 2ηt(1− 2Lηt), we have that

−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

≤− (1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗) +
1

vt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w(t)||2.
(5)

Lemma 3. (Client Heterogeneous Bound). According to the Assumption 4, we have that

E[
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2] ≤ 16η2t τ
2G2. (6)

A.2 Proof of Lemma
In this section we will prove Lemma 1 to 3.

A.2.1 Proof of Lemma 1
Proof. We introduce w

(t)
k into the formula:

− 〈w(t) −w∗,
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )〉

=−
∑
k∈S(t)

a

〈w(t) −w∗, p
k,S

(t)
a
∇Fk(w

(t)
k )〉

=−
∑
k∈S(t)

a

p
k,S

(t)
a
〈w(t) −w

(t)
k + w

(t)
k −w∗,∇Fk(w

(t)
k )〉

=−
∑
k∈S(t)

a

p
k,S

(t)
a
〈w(t) −w

(t)
k ,∇Fk(w

(t)
k )〉 −

∑
k∈S(t)

a

p
k,S

(t)
a
〈w(t)

k −w∗,∇Fk(w
(t)
k )〉.

(7)

According to the Cauchy-Schwarz inequality and AM-GM inequality, we have

− 〈w(t) −w∗,
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )〉

≤1

2

∑
k∈S(t)

a

p
k,S

(t)
a

(
1

ηt
||w(t) −w

(t)
k ||

2 + ηt||∇Fk(w
(t)
k )||2)−

∑
k∈S(t)

a

p
k,S

(t)
a
〈w(t)

k −w∗,∇Fk(w
(t)
k )〉

≤1

2

∑
k∈S(t)

a

p
k,S

(t)
a

(
1

ηt
||w(t) −w

(t)
k ||

2 + ηt||∇Fk(w
(t)
k )||2)−

∑
k∈S(t)

a

p
k,S

(t)
a

(w
(t)
k −w∗)T∇Fk(w

(t)
k ).

(8)

Due to the Assumption 2, we expand the above formula and complete the proof:

− 〈w(t) −w∗,
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )〉

≤1

2

∑
k∈S(t)

a

p
k,S

(t)
a

(
1

ηt
||w(t) −w

(t)
k ||

2 + ηt||∇Fk(w
(t)
k )||2)−

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k − Fk(w∗))− µ

2
||w(t)

k −w∗||2)

=
1

2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 +
ηt
2

∑
k∈S(t)

a

p
k,S

(t)
a
||∇Fk(w

(t)
k )||2 −

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w∗))

− µ

2

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2.

(9)

A.2.2 Proof of Lemma 2
Proof. The original formula can be written as:

−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

=−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w(t)) + Fk(w(t))− F ∗k )

≤−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w(t)))−

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k ).

(10)
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Due to the assumption 2 we have

−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

≤
∑
k∈S(t)

a

p
k,S

(t)
a

[
ηt
2
||∇Fk(w(t))||2 +

1

2ηt
||w(t)

k −w(t)||2 − µ

2
||w(t)

k −w(t)||2 − (Fk(w(t))− F ∗k )].
(11)

We continue to expand the above formula as follows:

−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

=
ηt
2

∑
k∈S(t)

a

p
k,S

(t)
a
||∇Fk(w(t))||2 −

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k ) + (
1

2ηt
− µ

2
)
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w(t)||2.
(12)

Due to the Assumption 1, we have

−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

≤ηtL
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )−
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k ) +
1− ηtµ

2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w(t)||2

=− (1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗) +
1− ηtµ

2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w(t)||2.

(13)

As 1−ηtL
2ηt

≤ 1
vt

, we continue to expand the formula and complete the proof:

−
∑
k∈S(t)

a

(Fk(w
(t)
k )− F ∗k )

≤− (1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗) +
1

vt

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w(t)||2.
(14)

A.2.3 Proof of Lemma 3

Proof. According to the update rule, for k and k′ which are in the same set S(t)
a , the term ||w(t)

k′ −w
(t)
k ||2 will be zero when

k = k′. As a result we have

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2

=
∑
k∈S(t)

a

p
k,S

(t)
a
||
∑

k′∈S(t)
a

p
k′,S

(t)
a
w

(t)
k′ −w

(t)
k ||

2

=
∑
k∈S(t)

a

p
k,S

(t)
a
||
∑

k′∈S(t)
a

(p
k′,S

(t)
a
w

(t)
k′ − pk′,S(t)

a
w

(t)
k )||2

=
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a
||w(t)

k′ −w
(t)
k ||

2.

(15)

Since the selected local models are udpated with the global model at every τ , for any t there is a t0 satisfies that 0 ≤ t−t0 ≤ τ
and w

(t0)
k′ = w

(t0)
k = w(t). Therefore for any (t) the term ||w(t)

k′ −w
(t)
k ||2 can be bound by τ epochs. With non-increasing ηt
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over (t) and ηt0 ≤ 2ηt, Eq. 15 can be further bound as∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a
||w(t)

k′ −w
(t)
k ||

2

≤
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a
||
t0+τ−1∑
i=t0

ηi(gk′(w
(i)
k′ , B

(i)
k′ )− g(i)k (w

(t)
k , B

(i)
k ))||2

≤η2t0τ
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a

t0+τ−1∑
i=t0

||gk′(w(i)
k′ , B

(i)
k′ )− g(i)k (w

(t)
k , B

(i)
k )||2

≤η2t0τ
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a

t0+τ−1∑
i=t0

[2||gk′(wi
k′ , B

(i)
k′ )||2 + 2||gk(w

(i)
k , B

(i)
k )||2].

(16)

According to the Assumption 4, the expectation over Eq.16 can be written as

E[
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a
||w(t)

k′ −w
(t)
k ||

2]

=2η20τE[
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a

t0+τ−1∑
i=t0

(||gk′(wi
k′ , B

(i)
k′ )||2 + ||gk(w

(i)
k , B

(i)
k )||2)]

≤2η20τES(t)
a

[
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a

t0+τ−1∑
i=t0

2G2]

=2η20τES(t)
a

[
∑
k 6=k′

k,k′∈S(t)
a

2p
k,S

(t)
a
p
k′,S

(t)
a
τG2]

≤2η20τES(t)
a

[
∑
k 6=k′

k,k′∈S(t)
a

2τG2].

(17)

Since there are at most m(m− 1) pairs such that k 6= k′ in S(t)
a , we have

E[
∑
k 6=k′

k,k′∈S(t)
a

p
k,S

(t)
a
p
k′,S

(t)
a
||w(t)

k′ −w
(t)
k ||

2]

≤16η2t (m− 1)τ2G2

m
≤16η2t τ

2G2.

(18)

A.3 Proof of Theorem 1

Proof. According to Eq. (2) we define H(w, t+ 1) as

H(w, t+ 1) = ||w(t+1) −w∗||2 = ||w(t) − ηtg(t) −w∗||2. (19)

The H(w, t+ 1) can be written as:

H(w, t+ 1)

=||w(t) −w∗ − ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k ) + ηt

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2. (20)
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We expand the above formula as follows:

H(w, t+ 1)

=||w(t) −w∗ − ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )||2 + ||ηt

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2

+ 2ηt〈w(t) −w∗ − ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k ),

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− g(t)〉

︸ ︷︷ ︸
A1

.
(21)

Due to the Assumption 3, we have E[A1] = 0 and expand the rest of the formula further:

H(w, t+ 1)

=||w(t) −w∗ − ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )||2 + ||ηt

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1

=||w(t) −w∗||2 + ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )||2 − 2ηt〈w(t) −w∗,

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )〉

+ ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1.

(22)

Due to the Lemma 1, we have that:

H(w, t+ 1)

≤||w(t) −w∗||2 + ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )||2 + ||ηt

∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2

+
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 + η2t pk,S(t)
a
||∇Fk(w

(t)
k )||2 − 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w∗))

− ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2 +A1

=||w(t) −w∗||2 + 2η2t
∑
k∈S(t)

a

p
k,S

(t)
a
||∇Fk(w

(t)
k )||2 +

∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 − 2ηt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w∗))

− ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2 + ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1

≤||w(t) −w∗||2 + 4Lη2t
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k )

︸ ︷︷ ︸
A2

− 2ηt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− Fk(w∗))

︸ ︷︷ ︸
A3

+
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 − ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2 + ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1.

(23)

The difference of A2 and A3 can be written as

A2 −A3

=(4Lη2t − 2ηt)
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w

(t)
k )− 4Lη2t

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k + 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w∗)

=(4Lη2t − 2ηt)
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w

(t)
k )− (4Lη2t − 2ηt)

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k + 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w∗)− 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k

=(4Lη2t − 2ηt)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k ) + 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k ).

(24)

Let vt = 2ηt − 4Lη2t = 2ηt(1− 2Lηt), we have that:

H(w, t+ 1)

≤||w(t) −w∗||2 − vt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w
(t)
k )− F ∗k ) + 2ηt

∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k ) +
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2

− ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2 + ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1.

(25)
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Due to the Lemma 2, we have that:

H(w, t+ 1)

≤||w(t) −w∗||2 + 2ηt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k ) + 2
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2

− vt(1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )− ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2

+ ||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2 +A1.

(26)

We next solve the expectation over H(w, t+ 1):

E[H(w, t+ 1)] = E[||w(t+1) −w∗||2]

≤E[||w(t) −w∗||2] + E[2ηt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k )] + E[2
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2]

− E[vt(1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )]− E[ηtµ
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2]

+ E[||ηt
∑
k∈S(t)

a

p
k,S

(t)
a
∇Fk(w

(t)
k )− ηtg(t)||2] + E[A1].

(27)

Due to Assumption 3 and E[A1] = 0, we have

E[||w(t+1) −w∗||2]

≤E[||w(t) −w∗||2] + 2ηtE[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k )] + 2E[
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2]

− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )]− ηtµE[
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t)

k −w∗||2] + η2t

K∑
k=1

p2kσ
2
k.

=(1− ηtµ)E[||w(t) −w∗||2] + 2ηtE[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k )] + 2E[
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2]

− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )] + η2t

K∑
k=1

p2kσ
2
k

=(1− ηtµ)E[||w(t) −w∗||2] + E[Q(w, k, t)] + η2t

K∑
k=1

p2kσ
2
k,

(28)

where Q(w, k, t) are defined as follows:

Q(w, k, t)

=2ηt
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k ) + 2
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2 − vt(1− ηtL)
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k ). (29)
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Note that S∗c = arg minSc

∑
k∈Sc

pk,Sc
F ∗k . Due to the Lemma 3, the expectation of the Q(w, k, t) can be written as:

E[Q(w, k, t)]

=− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )] + 2ηtE[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k ] + 2E[
∑
k∈S(t)

a

p
k,S

(t)
a
||w(t) −w

(t)
k ||

2]

=− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))− F ∗k )] + 2ηtE[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w∗)− F ∗k )] + 32η2t τ
2G2

=− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a

(Fk(w(t))−
∑
k′∈S∗c

pk′,S∗cF
∗
k′ +

∑
k′∈S∗c

pk′,S∗cF
∗
k′ −

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k ]

+ 2ηtE[
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w∗)−

∑
k′∈S∗c

pk′,S∗cF
∗
k′ +

∑
k′∈S∗c

pk′,S∗cF
∗
k′ −

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k ] + 32η2t τ

2G2

=− vt(1− ηtL)(E[
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w(t))−

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ] + E[

∑
k′∈S∗c

pk′,S∗cF
∗
k′ −

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k ])

+ 2ηt(E[
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w∗)−

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ] + E[

∑
k′∈S∗c

pk′,S∗cF
∗
k′ −

∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k ]) + 32η2t τ

2G2

=− vt(1− ηtL)E[
∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w(t))−

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ] + 2ηt(E[

∑
k∈S(t)

a

p
k,S

(t)
a
Fk(w∗)−

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ]

− (2ηt − vt(1− ηtL))E[
∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k −

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ] + 32η2t τ

2G2.

(30)

According to the Assumption 5 and Definition 1 and 2, we have

E[Q(w, k, t)]

≤− vt(1− ηtL)E[ϕ(S(t)
a ,w)(F (w)−

K∑
k=1

pkF
∗
k )] + 2ηtE[ϕ(S(t)

a ,w∗)(F ∗ −
K∑
k=1

pkF
∗
k )]

+ (2ηt − vt(1− ηtL))||E[
∑
k∈S(t)

a

p
k,S

(t)
a
F ∗k −

∑
k′∈S∗c

pk′,S∗cF
∗
k′ ]||+ 32η2t τ

2G2

≤− vt(1− ηtL)E[ϕ(S(t)
a ,w)(F (w)−

K∑
k=1

pkF
∗
k )] + 2ηtE[ϕ(S(t)

a ,w∗)(F ∗ −
K∑
k=1

pkF
∗
k )]

+ (2ηt − vt(1− ηtL))κ2 + 32η2t τ
2G2

≤− vt(1− ηtL)ϕminE[(F (w)−
K∑
k=1

pkF
∗
k )] + 2ηtϕmaxE[(F (w∗)−

K∑
k=1

pkF
∗
k )] + (2ηt − vt(1− ηtL))κ2

+ 32η2t τ
2G2

≤−vt(1− ηtL)ϕminE[(F (w)−
K∑
k=1

pkF
∗
k )]︸ ︷︷ ︸

A4

+2ηtϕmaxΓ + 6Lη2t κ
2 + 32η2t τ

2G2.

(31)

We can expand the A4 as

A4

=− vt(1− ηtL)ϕminE[(F (w)−
K∑
k=1

pkF
∗
k )]

=− vt(1− ηtL)ϕmin

K∑
k=1

pk(E[F (w)]− F ∗ + F ∗ − F ∗k )

=− vt(1− ηtL)ϕmin

K∑
k=1

pk(E[Fk(w(t))]− F ∗)− vt(1− ηtL)ϕmin

K∑
k=1

pk(F ∗ − F ∗k )

=− vt(1− ηtL)ϕmin(E[F (w(t))]− F ∗)− vt(1− ηtL)ϕminΓ

(32)
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≤− vt(1− ηtL)µϕmin
2

E[||w(t) −w∗||2]− vt(1− ηtL)ϕminΓ

≤− 3ηtµϕmin
8

E[||w(t) −w∗||2]− 2ηt(1− 2Lηt)(1− ηtL)ϕminΓ

≤− 3ηtµϕmin
8

E[||w(t) −w∗||2]− 2ηtϕminΓ + 6η2tϕminLΓ.

(33)

So we have

E[Q(w, k, t)]

=− 3ηtµϕmin
8

E[||w(t) −w∗||2] + 2ηtΓ(ϕmax − ϕmin) + η2t (6ϕminLΓ + 32τ2G2 + 6Lκ2).
(34)

As a result, we have

E[||w(t+1) −w∗||]

≤[1− ηtµ(1 +
3ϕmin

8
)]E[||w(t) −w∗||2] + 2ηtΓ(ϕmax − ϕmin) + η2t (6ϕminLΓ + 32τ2G2 + 6Lκ2 +

K∑
k=1

pkσ
2
k).

(35)

By defining ∆t+1 = E[||w(t+1)−w∗||],B = 1+ 3ϕmin

8 , C = 6ϕminLΓ+32τ2G2+6Lκ2+
∑K
k=1 pkσ

2
k,D = Γ(ϕmax−ϕmin),

we have

∆t+1 ≤ (1− ηtµB)∆t + η2tC + ηtD. (36)

If we set ∆t ≤ ψ
t+γ , ηt = β

t+γ and β > 1
µB , γ > 0 by induction, we have

ψ = max

{
γ||w1 −w∗||2, 1

βµB − 1
(β2C +Dβ(t+ γ))

}
. (37)

Then by the L-smoothness of F (·),

E[F (w(t))]− F ∗ ≤ L

2
∆t ≤

L

2

ψ

γ + t
. (38)

Finally, we complete the proof of Theorem 1:

E[F (wT )]− F ∗

≤ 1

T + γ

[
4L(32τ2G2 +

∑K
k=1 pkσ

2
k) + 24L2κ2

3µ2ϕmin
+

8L2Γ

µ2
+
Lγ||w1 −w∗||2

2

]
+

8LΓ

3µ

(
ϕmax
ϕmin

− 1

)
,

(39)

where the T means the maximal communication rounds, which satisfies T = iτ for i = 1, 2, ... in realistic scenarios.
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