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Abstract

This supplement provides technical proofs of the theoretical results in the main manuscripts.
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A PROOF OF THE THEOREM 1

A.1 Definition and Lemma

In our analysis, the (t) is defined as the index of the total local SGD iterations, where (i) = t7 + i. We iterpret W( )
as the local model of k-th client at iteration (¢). In such a setting, the aggregation client set and the commitee chent
set are expressed as Sa () and S{. Note that the aggregation clients and committee clients perform 7 iterations of local
SGD, the ag%reganon client set S and the committee client set S remain the same for every T iterations. That is,
St(lt) S(Hl = S(HT Ya Sét) = Sétﬂ) = .= S£t+771), where t%7 = 0. The local gradient of k-th client is
expressed as gk(w,(f), B,it)), Wthh is used for the local SGD training:

W(t+1) (f) — mgn(w ),B(t)) 1)

where w ) denotes the local model of the k-th client at iteration . Actually we only update the global model W(*) after
every T rounds, but for the need of convergence proof and analysis we assume the W'! ) is updated at each iteration as
follows:

wi ) = w® — gt = w® — g, ( Z pk,sét>gk(wz(f)a Bl(:)))v ()

kes?

where 7, is the learning rate at iteration (t). At iteration (t) which satisfies t%7 = 0, the k-th client downloads the W(*) to
the local as the new local model W,(f), as a result, the whole updating method of the local model can be written as follows:

WD _ w,(:) — gk(wl(:), B(t)) t+1)%T#0 3)
g WD (4 1)%r = 0.
Then we introduce our proposed lemmas.
Lemma 1. (Global-Local Gradient Product). According to the definitions of VFk( ) we have that
_ (W(t) — Z Pk,S;wVFk(W/(:)»
kess
¢ t *
f% > s W0 = w2+ T3 by VRO = 3 by g0 (Flwi) = Felw®) g
kes(” kes“) kesgt
Z pks<t>||Wk — w2

kES(t)
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Lemma 2. (Local Parameter-Optimal Gap). Let v; = 21, — 4Ln? = 2n,(1 — 2Ln;), we have that
t *
> ppsew (Fr(wi)) = Fp)

kess” 5)
— X 1 )
—(=nl) > Pp s (Fu(w®) — F*) + v > Pr, s [[wi) — w02,
kesgt kesl
Lemma 3. (Client Heterogeneous Bound). According to the Assumption 4, we have that
— ¢
E[ Y py g0l —wi|I?] < 16577°G2. ©)
ks
A.2 Proof of Lemma
In this section we will prove Lemma 1 to 3.
A.2.1  Proof of Lemma 1
Proof. We introduce w,(:) into the formula:
— (@ =W 3 by o VEw))
kes“’
fiz w®) _ w “ D, iy VER(W ())>
P gt k(W
kES:(zt) (7)
Z Py, 5 <W(t) _ Wl(ct) + Wl(ct) - ka(W](:)»
kes
Z pk,Sff)<W( —W,C ,VEF,(w Z Py g0 (W —— ,VF,(w )))
kes kess
According to the Cauchy-Schwarz inequality and AM-GM inequality, we have
— (W -t Y Py, s® VF(wi))
kes“)
Z Prs® *||W Wi + el [V F (w — Y g (W) =W V(W) ®)
keSm kes
Z Pp 5 —||w ||2 + ne| [V Ey (w Z Py g0 (W w*)TVFk(w,(:)).
kes(” kesH
Due to the Assumption 2, we expand the above formula and complete the proof:
— (W = w3 p, o VE(W)
keSm
3 —Hw W Il IVEWOP) = 32 w0 (Fulwi! = Fu(w)) = Gllwi = w* |
_2 pk S(f> Tt kW pk S(t) k kW 2 k
kGS(t) k‘GS(t) (9)
Ui t *
=35 2 Pesolw =W P+ 5 30 ol VRN = 30 by g0 (Fe(w,) = Fu(w?))
kes“> kes kest?
t *
L3 psorliwl? = w2
kess”
O
A.2.2 Proof of Lemma 2
Proof. The original formula can be written as:
> pkﬁsgo(Fk(Wz(f)) - Fy)
kes
t — — *
> by oo (Fi(w) = Fu(w9) + Fi(w®) - Fy) 10
kes
— > pyse Fr(wy) - = > by g (B - Fp).

kestt kestH



JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

Due to the assumption 2 we have

— Y by Fr(w) = Fp)

kes
1 6 B ) — — *
< 3w G IVEEONP + 5wl = w2 = Sllw) w2 = (Fy(wl) = 7))
kes !
We continue to expand the above formula as follows:
(Fe(wi") — Fy
Y pyso Fulwy) = FY)
kesst
77t « 1 _
Z pks(t)Hka ||2 Z ka(t> Fk ())_Fk)—i_(%_* Z pks(t)HWk - (t)||2
kes<‘> kestt t kestt
Due to the Assumption 1, we have
Fu(w') — Fp
Z kasgo( r(We) 9
kes
<n L F (Fp(w®) — Ff 1=mp () _ w(®))|2
<1 Z pksm( (W Z pksm (W) k) + 2 Z pk’sgt>||wk w|
kes kes” " kes®
SU=mD) Y g (F0) = F) 4 2 S ! — w2
Ui pk“sg‘) kW 9 X pk7st(zf) Wk W .
kess) kes(”
As % < U%, we continue to expand the formula and complete the proof:
t *
- X (B - F)
keSS
—(L—mnL) Z P st (Fp(Ww") — F*) + 17 Z Pp s® Hwk - w2,
kes kes
A.2.3 Proof of Lemma 3
Proof. According to the update rule, for k and k&’ which are in the same set S the term Hw,(f,) w,(ct) IE

k = k’. As a result we have

> psplw? —wi P

kestt
= Py sl > pk/,5§t>wl(e’ —w,|?
kes® kest
=2 psoll X (pk',sﬁf)wl(c') Py, sWWk NP
kest? k'estt
Z Dy sOPps, s“’HWk' _Wk ||2
ktk!
k, k' esiH)

(11)

12)

(13)

(14)

will be zero when

(15)

Since the selected local models are udpated with the global model at every 7, for any ¢ there is a ¢, satisfies that 0 < t—ty < 7

and w(f‘)) ,(:") = W), Therefore for any (t) the term Hw(f) w,(:) IE

can be bound by 7 epochs. With non-increasing 7;
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over (t) and 1y, < 2m, Eq. 15 can be further bound as

t t
S ppsop o lwh) —wil|?
k#Ak!
k,k’esff)
to+7—1
o S
< > psopusoll Do milow(wi, B = g (wi, B2
kK i=tg
&,k es{H
totT—1 (16)
o S
BT Y psop o O llaw(wi, BY) — gt (wi, B2
k#k! i=tg
k,k’ES((lt)
to+7—1
T Y Pgwbpse O Rllaw(wh, BEIE + 2llge(wy”, BEI.
k#k’ 1=to
ko ks

According to the Assumption 4, the expectation over Eq.16 can be written as

t t
Y pesopy sollwl —wi |

k#k!

k,k/esEt)
to+7—1
=237E[ Y b gopu s 9 (low (Wi BEIP + llge(wi”, B
k#k! i=tg
k,k’esgt)
to+7—1
SQU%TES((})[ Z Pi 5P g Z 2G2] 17)
k#k/ i=tg
K,k esE)
:27737’1’55((1,5)[ Z 2pk,S£f)pk:’,S§‘)TG2]
kK
Kokl esEt)
LmpTEGn[ Y 2767
¢ k#k!
bkl esSH)

Since there are at most m(m — 1) pairs such that k # k' in S, we have

Yo pesopy sollwl —wi|?]

k#k!

Kokl esit)
< 16n7(m — 1)12G? (18)
- m
<16n7%G>.
O
A.3 Proof of Theorem 1
Proof. According to Eq. (2) we define H(w,t+ 1) as
H(w,t+1) = [[wH — w2 = [[w) — gl —w|]%. 19)
The H(w,t + 1) can be written as:
H(w,t+1)
=W —w = > p o VEW) b D py g0 VE(WL) = mg®| 1%, (20)

kesH kestH
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We expand the above formula as follows:

H(w,t+1)
=W —w = 3 b o VROl S by g0 VER (W) — mig |2
keSS kes
w(t) * (t) )\ _ =(t) (21)
+217f<W —W = Z pk7sif«)ka’(Wk )? Z pk7st(lf)ka(Wk )79 >
kes kes
Ay
Due to the Assumption 3, we have E[A4;] = 0 and expand the rest of the formula further:
H(w,t+1)
=0 —w = > b o VEWOIP + e Y 2y g0 V(W) = gD + Ay
keSS kesg
= = w2+ [l Y Py g0 VEWO)? = 20 (@0 —w*, 3" py o0 VE(w) (22)
kes kes
e Y- g VEW) = ng®|2 + A
keSS
Due to the Lemma 1, we have that:
Hw,t+1)
<O —w P+ e Y Py g0 VR + I Yy g0 VER(W) = mig @2
kes kest
+ 3 sl = WP 40t o [VE WP =200 > py g0 (Fe(w)) = Fi(w*)
kestH kestH
— M Z pk,S,(f)le(Ct) — W*H2 + A1
kes
_ " t _ t t "
=[[w® w227 > p o [VEWOP+ Y by g 90 = w2 =2 > p, g0 (Fr(wi?) = Fr(w"))
kes kest keSS
t * t .
" Z pk,sy)le(c) — w2+ ||Ine Z pk,Sf}’)VFk(W/(c)) _ mg(t)H? + A
kes kes
<D — WP ALn? Y by g0 (Fwi)) = B =200 D" py g0 (Fe(w)) = Fi(w")
kest kess”
Ao As
— t t * t —
+ 3 P [WO =W = Y b oWl =W P+l D by g0 VE(w) —nig®| P + Ar.
keSS kes kes
(23)
The difference of A5 and A3 can be written as
Ag — Az
:(4[/17? — QT]t) Z pk,Sét)Fk(W’(f)) — 4L77t2 Z pkﬂéf,)F;: + 277t Z pk,Sgt)Fk(w*)
kes kes kes
=(4Ln} —2m) > pk’sngk(W;(f)) — (4Ln} —2n,) Y Py, s Fr + 2me > Py, g0 Fe(W") — 2n; > P50 Fr (24)
kesH kesst kestt kesst
=L = 2m) > py g (Fe(wi) = B +2m Y by g0 (Fr(w*) = Fy).
kess kes
Let vy = 2 — 4Ln? = 2n,(1 — 2Ln;), we have that:
H(w,t+1)
W =W o Yy g0 (Fr(wWi) = F) 4200 Y- py oo (Bu(W) = Ff) + Y py g0 [W0 =i
kes® kes ks (25)

t t —
—mei Y P W =W R e Y by g0 VE(W) = g + As.
kes® kes
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Due to the Lemma 2, we have that:

H(w,t+1)
<O — w200 D py g (Fr(w?) = F)+2 > py o [W0 — w2
kesit kes(®
— o (1=meL) > py g (FY) = F) = mup > py goollwi — w2
kest kest
+lime > pyso VEw) = mg®|]? + As.
kessh

We next solve the expectation over H(w,t + 1):

E[H(w, ¢ +1)] = E[[w+) —w*?]
<E[[W® —w' P+ E2n Y py g0 (Fu(w®) — F)HER Y py g0 [0 — wi|?]

kestH kestt
Elv(1—mL) > py o (Fa(@D) = FD)l =Bl > py goo|lwi = w*||?]
kessH kesiH
Elllne Y. g0 VERW) = mg®|?] + E[44].

kess
Due to Assumption 3 and E[A;] = 0, we have

[|\w“+1> w[?
<E[|[w® —w P+ 20E[ 3 p, g0 (Fu(w®) — F)] + 2B 3 p g0 WO — wi|?]

kestH kestt
K
t *
— 01— L)E[ > py g0 (F(WY) = F) = B[ > p, gollwi = w2+ 02 Y piof.
k}ES(t) kESL(Lt) k=1
(1= IO — w2 4 20 3 py g0 (Felw?) = F)l + 280 Sy g0 [0 — wi|?
kestt kesth
K
— v (1 —nL)E Z 0 (F(WW) — F)] 4 n? Z'pﬁaﬁ
k=1

kes

=(1 = ne)E[[%") — w*|*] + E[Q(w, k, 1)] + 1} Zpk%

where Q(w, k, t) are defined as follows:

Q(w, k, t)

=20 Y Pso (Fe(w) = F)+2 Y py gl [w - w2 vl —nL) Y Py, 50 (Fr (W) = Fy).

kesi? kes? kes®

(26)

27)

(28)

(29)
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Note that S = argming, > ;¢ Pk,s.Fy - Due to the Lemma 3, the expectation of the Q(w, k, ) can be written as:

E[Q(w, k, )]
=—u(l =nL)E Z Py (Fr( (W) — )] + 2n,E] Z Py g0 (Fe(W") — Fi] + 2K Z pk,s&”HW(t)—W;f)W]
kes kes kesl
=—vu(1-nL)E[ ) Py g0 (Fi(W w) — Fp)+20E[ Y Py 50 (Fie(W*) — F)] + 32 72G?
keSS kesg)
=—u(1-nL)E[ ) Py 50 (Fe(W =Y s Fo+ Y pessFo— Y Py 50 Fi]
res® k€S k€S kest
+ 277t]E[ Z pk,S((zt)Fk(W*) - Z pk/,S;‘FI:' + Z pk/7st;/ - Z pk’sét)F;] +3277t27'2G2
res® k'€S; k'€S; rest
=—o(1=nL)E[ Y p g0 Fe(W) = 3 pos: Fpl +EL Y pws:Fo — Y g Fi)
rest k€S k'€S: pest
+20 (B[ Y pp g FuW") = D pos: FRlHEL Y pes:Fo = Y by g0 FD) + 320 7°G?
kestt k€S k€S kestt
=—vu(1-nL)E[ ) Py, 50 Fe(W — Y prss Fpl+2m(B[ Y Py, g0 Fr(w - Y prs B
kestt k€S pest keSE
=2y — v (1 = L))E Z Py s Fr — Z pirs: Fio] + 3207 72 G2
kestt k'€S;
(30)
According to the Assumption 5 and Definition 1 and 2, we have
E[Q(w, k,1)]
K K
< — o1 = L)E[p(S?, W)(F(W) = Y puFy)] + 20E[p(S8, W) (F % = > prFy)]
k=1 k=1
+ (20 — (1= e L))|[E[ D Ppso Fr — > s Flll + 320777 G?
kJES((Lt) k‘lGS:
K
< = v (1 = L)E[p(S?, W) (F(W) = Y puFi)] + 2mElp(SY), W) (F* = Y piFy)]
k=1 k=1 31)
+ (20— ve(1 = e L))s? + 327G
K
< = 0(1 = L) rminE[(F(W) = Y prFy)] + 20e0masE] ZPka (20 = ve(1 = e L))~
k=1
+ 32972 G?
<—vi(1 = e L)pominE[(F (W) — Z PeE)] 210 Pmael + 6L02 K% + 320272 G2.
k=1
Ay
We can expand the A, as
Ay
K
= — (1 = L) pminE[(F(W) = Y prFy)]
k=1
K
= —v(1 = L)pmin Y pr(E[F(W)] — F* + F* — Fy) (32)
k=1
K K
- — Ut(l - 77tL Pmin Zpk ( (t))} - F*) - vt(l - ntL><pmzn Zpk(F* - F];k)
k=1 k=1

== Ut(l - UtL)SDmm(E[F(W(t))] - F*> - Ut(l - ntL)(PminF
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1—nL ;
< _ Ut( us )/Jgomtn E[HW(t) o W*HQ]

- Ut(]- - ntL)‘PminF

- 2
3 % *
< - WE[HW“) = w|[*] = 27,(1 = 2L0e) (1 = 1 L) prminT (33)
3 min — *
<- %Emw(ﬂ — W] = 20 minT + 677 @umin LT
So we have
E[Q(w, k, )]
3 - B § (34)
- WE[HW(U — W] 4 20: T (@maz — ©min) + 17 (6@min LT + 3272G? 4 6Lk?).
As a result, we have
E[[w 1 — w||]
(35)

K
3 min — *
<[ = men(1 + LB = w2+ 20T (@maz = Pmin) + 1 60min LT +327°G2 + 6Lk% + 3 pro).
k=1

By iefining At-l—l = E[||W(t+1) 7W*|Hr B=1+ %/ C= 6(pminLF+3272G2+6L52+ZkK:1 pkg]%/ D= F(@max 7<Pmin)/
we have

App1 < (1= mpB)As + 07 C + neD. (36)
If weset A; < %, N = % and 5 > u%’ ~ > 0 by induction, we have
1
v = max {5 [w! - W, o (57 + DB+ ) . )

Then by the L-smoothness of F(+),

L L v
E[F(WY)] - F* < ZA < - ——. 38
[F(w)] I (38)
Finally, we complete the proof of Theorem 1:
E[F(w")] - F*
1 4L(327%2G? + Zszl proi) +24L%k?  8L’T  Ly||w' — w*||? S8LT [ Ymax (39)
=< 3 +— + -1,
T+ 31 Pmin z 2 31\ Pmin

where the T means the maximal communication rounds, which satisfies 7' = i7 for ¢ = 1, 2, ... in realistic scenarios. O
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